In this paper, we establish the existence of at least five distinct solutions to a p-Laplacian problems involving critical exponents and singular cylindrical potential, by using the Nehari manifold, concentration-compactness principle and mountain pass theorem
Introduction
In this paper, we consider the multiplicity results of nontrivial solutions of the following problem: where 1 < p < k, k and N are integers with N > p, 2 < k < N, the point x can be written as x = (y, z) 0 < s < p, is the critical Hardy-Sobolev exponent, is the critical Sobolev exponent, h is a bounded positive function on and is a parameter that we will specify later..
When k = N, and p = 2. The fact that the number of positive solutions of equation is affected by the nonlinearity terms which has been the focus of a great deal of research in recent years. If the weight functions f ≡ h ≡ 1, the authors Ambrosetti-Brezis-Cerami [1] have investigated equation They found that there exists such that equation admits at least two positive solutions for and has a positive solution for but no positive solution exists for For more general results, were done by de Figueiredo-Grossez-Ubilla [2] , Wu [3] , Cao etal. [4] , Filippucci et al. [5] , Xuan et al. [6] , Guo and Niu [7] and the references therein.
In the case of 1 < k < N, equations with cylindrical potentials were also studied by many people [8] [9] [10] [11] [12] [13] [14] . For instance, in [15] , Xuan studied the multiple weak solutions for p-Laplace equation with singularity and cylindrical symmetry in bounded domains. However, they only considered the equation with sole critical Hardy-Sobolev term.
Let be the space defined as the completion of with respect to the norm Clearly, the problem is related to the following Hardy-Sobolev type inequality with cylidrical weight which first proved in [10] (1)
where C > 0, 1 < p < k, 2 < k < N, x = (y,z)
Five Nontrivial Solutions of p-Laplacian Problems Involving Critical Exponents and Singular Cylindrical Potential 164 0 < s < p, = p(N-s)/(N-p), = pN/(N-p), 1 < q < p. In particular, for s = p and 1 < p < k, we have Hardy type inequality: (2) the constant is sharp but not achieved [10] .
When Hardy type inequality implies that the norm is will defined in is equivalent to since the following inequalities hold:
for all u .
Since our approach is variational, we define the functional With Let (3) and (4) where 0 < s < p. From [10] , is achieved. Throughout this work, we consider the following assumption:
In our work, we research the critical points as the minimizers of the energy functional associated to the problem on the constraint defined by the Nehari manifold, which are solutions of our problem. This paper is organized as follows. In Section 2, we give some preliminaries. Section 3 is devoted to the proofs of Theorems 1, 2, 3 and 4. (ii) there exist u₀ X such that ‖u₀‖ > R and (u₀) ≤ 0; let where then c is critical value of such that c ≥ r.
Preliminaries
R k  R N−k , p * s p * s  R N |∇u| p dx ≥  k,p  R N |y| −p |u| p dx, for all u ∈ D 1 p R N   k,p : k − p/p p    k,p , ‖u‖  ‖u‖ ,p   R N |∇u| p − |y| −p |u| p dx 1/p , D 1 p R N  and ‖. ‖ ‖∇. ‖ p ; 1 − max, 0/ k,p  1/p ‖∇u‖ p ≤ ‖u‖ ≤ 1 − min, 0/ k,p  1/p ‖∇u‖ p D 1 p R N  J  on D 1 p R N  by J  u : 1/p‖u‖ p − 1/p * sPu − /qQu, Pu :  R N |y| −s h|u| p * s dx, Qu :  R N f|u| q dx. S  S ,N,p,0  : inf u∈D 1 p R N \0  ‖u ‖ p  R N |u | p * dx p/p * S  S ,N,p,s : inf u∈D 1 p R N \0  ‖u ‖ p  R N |y| −s |u | p * s dx p/p * s S H lim |y|0 hy  lim |y| hy  h 0  0, hy ≥ h 0 , y ∈ R k . P ,   0  0 : Lp, q S p * sp * −p /pp−p * s S −p * /q Lp, q : p − p * s q − p * s|f|   |h|  p * s − q p − q p * −p /p * s−p  |fx |   sup x∈R N |fx |, |hy|   sup y∈R k |hy|. L  R N .    k,p : k − p/p p ,  0     0 , P ,   1  satisfy 0     2  min 0 ,  1 , P ,   *    min 2 ,  *  P ,  L  R N .   0, q  p * ,   0, P ,  X l R N  R, J  ∈ C
Nehari Manifold
It is well known that is of class C¹ in and the solutions of are the critical points of which is not bounded below on .
Consider the following Nehari manifold Now, we split N in three parts:
We have the following results. Then, by Eq. (7) and for u N⁰, we have (8) Moreover, by the Holder inequality and the Sobolev embedding theorem, we obtain (9) and (10) From Eq. (9) and Eq. (10), we obtain , which contradicts an hypothesis.
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Thus N = N⁺ N⁻. Define
For the sequel, we need the following Lemma. Lemma 5:
(i) For all such that one has c ≤ c⁺ < 0. (ii) There exists such that for all one has Proof (i) Let u N⁺. By Eq. (7), we have and so
We conclude that c ≤ c⁺ < 0.
(ii) Let u N⁻. By Eq. (7) (i) If Q(u) ≤ 0, then there exists a unique t⁻ > such that t⁻u N⁻ and (ii) If Q(u) > 0, then there exist unique t⁺ and t⁻ such that 0 < t⁺ < < t⁻, (t⁺u) N⁺, (t⁻u) N⁻,
Proof With minor modifications, we refer to [16] . Proposition 1 [6] (i) For all such that , there exists a sequence in N⁺.
(ii) For all such that , there exists a a sequence in N⁻.
Proof of Theorems
Proof of Theorem 1
Now, taking as a starting point the work of Tarantello [17] , we establish the existence of a local minimum for on N⁺. Proposition 2 For all such that , the functional has a minimizer u₀⁺ N⁺ and it satisfies: conclude that u₀⁺ > 0 and v₀⁺ > 0, see for example [18] .
Proof of Theorem 2
Next, we establish the existence of a local minimum for on N⁻. For this, we require the following Lemma. (14) and Lemma 2, we may assume that u₀⁻ is a nontrivial nonnegative solution of . By the maximum principle, we conclude that u₀⁻ > 0 and v₀⁻ > 0. Now, we complete the proof of Theorem 2. By Proposition 2 and Lemma 6, we obtain that has two positive solutions u₀⁺ N⁺ and u₀⁻ N⁻. Since N⁺ ∩ N⁻ = , this implies that u₀⁺ and u₀⁻ are distinct. Thus is the third solution of our system such that ≠ u₀⁺ and ≠ u₀⁻. Since is odd with respect u, we obtain that is also a solution of .
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Proof of Theorem 4
In the part, we consider the case and obtain the existence of the solution with cylidrical symmetry for . 
Eu k   c  0 
